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1. Set�up and Main Results

The goal of this paper is to add on previous work by Cantat [6℄, Damanik and Gorodetski

[13,14℄ (see also [9,29℄ for instane) to establish a orrespondene between the study of

ertain disrete Shrödinger operators and the holomorphi dynamis of automorphisms

on a family of a�ne ubi surfaes.

1.1. Disrete Shrödinger Operators

1.1.1. Left shift dynamis. Consider the free group on two generators F2 := 〈a, b | ∅〉
and let ϕ ∈ Aut(F2) be a positive automorphism, i.e suh that the images ϕ(a) and

ϕ(b) are words in a and b (and thus do not involve the inverse elements a−1
and b−1

).

Using the ation of Aut(F2) on the abelianized group Ab(F2) = Z2
, one an

assoiate a matrix Mϕ ∈ GL2(Z) to ϕ. Assume Mϕ to be hyperboli, i.e:

• either det(Mϕ) = 1 and tr(Mϕ) > 2;

• or det(Mϕ) = −1 and tr(Mϕ) 6= 0.

By replaing ϕ with ϕ2 := ϕ ◦ ϕ ,whih is still positive, we an restrit ourselves to the

�rst ase; this means that the spetrum of Mϕ is of the form {λ, λ−1} where λ denotes

a quadrati integer greater than one.

Let Ω be the set of �nite words on the generators a and b, endowed with the topology

pertaining to the following distane:

d : (u, v) 7→ 1

inf{|n| | un 6= vn}+ 1
.

The initial automorphism ϕ extends to a substitution ι over the letters a and b whih

has an unique "positively in�nite" invariant word u+ ∈ {a, b}N.
Example 1.1 Let ζ be the Fibonai substitution, given by a 7→ ab and b 7→ a; its

assoiated matrix Mζ is given by:

Mζ :=

(

1 1

1 0

)

∈ GL2(Z)

and it �xes the in�nite word beginning with abaababaabaababaababaabaababaabaab . . .

This example will be ontinued throughout the �rst part of this paper.

Now onsider the left shift on {a, b}Z:

T : {a, b}Z → {a, b}Z

u 7→ (un+1)n∈Z

and let W be the set of all adherent values for the sequene (T pu+)p≥0 (in other words,

it is the ω�limit set W of the T�orbit of u+); it is a ompat subset of {a, b}Z. It is

well known (see for instane [11℄) that there exists an unique T�invariant probability

measure ν on the set W and that the left shift T is ergodi with respet to ν (see

[24, p.58℄ for an outlook on uniquely ergodi maps).
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1.1.2. Disrete Shrödinger operators. Given any word w ∈ W , one an de�ne a

potential funtion:

vw : Z → {0, 1}

n 7→
{

1 if wn = a

0 else

.

Consider for any �xed κ ∈ R and w ∈ W the following operator, de�ned on the spae

ℓ2(Z) of omplex�valued square�summable sequenes:

Hκ,w : ℓ2(Z) → ℓ2(Z)

ξ 7→ (ξn+1 + ξn−1 + κvw(n)ξn)n∈Z.

Remark that this operator is self�adjoint and ‖Hκ,w‖ ≤ 2 + |κ|; therefore its spetrum
Σκ,w is a subset of the real interval [−2 − |κ|, 2 + |κ|].

Sine Hκ,w is uniquely ergodi, we an apply the following result due to Kotani and

Pastur [26℄.

Theorem 1.2 (Kotani � Pastur)

There exists a ompat set Σκ ⊂ [−2 − |κ|, 2 + |κ|] suh that Σκ,w = Σκ for all w ∈ W .

We all the set Σκ the almost�sure spetrum of the operator Hκ,w with respet to

the measure ν.

Remark 1.3 If Hκ,w were ergodi (non�uniquely), one would have Σκ,w = Σκ for ν�

almost every w ∈ W , hene the olloquial name of "almost�sure spetrum".

1.1.3. Density of states. Let HN
κ,w be the restrited operator Hκ,w to the set C{−N,...,N}

with Dirihlet boundary onditions, meaning we only onsider sequenes (ξn)n∈Z with

−N ≤ n ≤ N suh that:

• ξn = 0 for n ≤ −N − 1;

• ξn = 0 for n ≥ N + 1.

This gives a self�adjoint endomorphism of C2N+1
; as suh it has real eigenvalues

λN0 , . . . , λ
N
2N . De�ne the following probability measure:

µκ,w
N :=

1

2N + 1

2N
∑

j=0

δλN
j
.

Theorem 1.4 (Avron � Simon [1℄)

(i) For ν�almost every w ∈ W the sequene (µκ,w
N )N weakly onverges to a probability

measure dkκ on C, alled density of states;

(ii) for any ontinuous funtion g : C → C:

∫

C

g(E)dkκ(E) =

∫

w∈W

〈g(Hκ,w) · δ0 | δ0〉dν(w) ;
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(iii) the support supp(dkκ) of dkκ satis�es supp(dkκ) = Σκ.

Remark 1.5 It is standard to then de�ne the integrated density of states as the

distribution funtion of the probability measure dkκ:

kκ : E 7→
∫ E

−∞

dkκ.

1.1.4. Lyapunov exponent. A hypothetial eigenvalue�eigenvetor pair (E, ξ) for Hκ,w

should satisfy the equation:

∀n ∈ Z, ξn+1 + ξn−1 + κvw(n)ξn = Eξn , (1)

that is:

∀n ∈ Z,

(

ξn+1

ξn

)

=ME
n,κ,w

(

ξn
ξn−1

)

(2)

where:

ME
n,κ,w :=

(

E − κvw(n) −1

1 0

)

∈ SL2(C),

i.e ME
n,κ,w is equal to one of the two matries:

ME
κ (a) :=

(

E − κ −1

1 0

)

, ME
κ (b) :=

(

E −1

1 0

)

.

Consider the Lyapunov exponent:

γκ(E) := lim sup
N→∞

1

N

∫

W

log

∥

∥

∥

∥

∥

N
∏

n=0

ME
n,κ,w

∥

∥

∥

∥

∥

dν(w).

By Oseledets Theorem, this quantity is well de�ned and

lim sup
N→∞

log

∥

∥

∥

∥

∥

N
∏

n=0

ME
n,κ,w

∥

∥

∥

∥

∥

is ν�almost surely onstant equal to γκ(E).

Theorem 1.6 (see[11℄ and [8℄)

The Lyapunov exponent is a non�negative funtion suh that :

(i)

γκ(E) =

∫

Σκ

log |E − E ′|dkκ(E ′);

(ii)

ddcγκ = 2πdkκ; (3)

(iii) the almost�sure spetrum satis�es Σκ = {γκ = 0}.
Proof. The �rst item is the Thouless formula (see [8, p.340℄) and thus, sine

ddc log |z − z0| = 2πδz0, one obtains property (ii). The third result is a theorem due to

Ishii, Kotani and Pastur (see [11℄ for an overview).

�
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1.1.5. Green funtion for the almost�sure spetrum. First, reall the following

de�nition. Let U be an open set in C suh that its omplement C \U is a ompat set.

A funtion gU : U → (0,∞) is a Green funtion for the domain U (alternatively, for

the ompat C \ U) if:
(G1) gU is harmoni;

(G2) the following limit exists:

lim
z→∞

(gU(z)− log |z|);

(G3) for all ξ ∈ ∂U , one has:

lim
z→ξ

gU(z) = 0.

Remark 1.7

(i) If U is suh an open subset of C then its Green funtion, if it exists, is unique (see

[23, p.182℄). Moreover, one an replae (G2) with gU(z)− log |z| = O(1) at in�nity.

(ii) If U has a Green funtion, there exists a positive real number C suh that

gU(z) = log |z| − log(C) + o(1) as z goes to in�nity.

The number C is alled the apaity of the ompat set C \ U . For more details

on set apaities, see [27, p.132℄.

(iii) The measure ddcgU is alled the equilibrium measure of the ompat set C \ U .

Consider the open set U := C\Σκ; it satis�es ∂U = Σκ. We then have the following

result, whih is well known to experts (see for example [13, p.979℄, remark (g)).

Proposition 1.8

(i) The Lyapunov exponent γκ is the Green's funtion for the domain U .

(ii) The density of states is the equilibrium measure of Σκ.

(iii) The apaity Cap(Σκ) of the almost�sure spetrum is one.

Proof. The Thouless formula shows that γκ : U → (0,∞) satis�es ondition (G1);

moreover, for E ∈ C:

γκ(E)− log |E| =
∫

Σκ

log |E − E ′|dkκ(E ′)− log |E|

=

∫

Σκ

log

∣

∣

∣

∣

1− E ′

E

∣

∣

∣

∣

dkκ(E
′)

−−−→
E→∞

0,

where the �nal line follows from the preeding beause the funtion log |1 − E ′/E|
onverges uniformly towards zero on the ompat support Σκ of dkκ. Therefore ondition

(G2) holds. Finally, one heks (G3) using Theorem 1.6. Thus (i) and (ii) hold, using

3 and sine γκ(E)− log |E| −−−→
E→∞

0, one immediately gets (iii).

�
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1.2. Holomorphi Dynamis

1.2.1. Charater variety of the free group on two generators Let us �x a generating set

{a, b} of the free group F2 and onsider the algebrai quotient χ(F2) of:

Rep(F2) := Hom(F2, SL2(C)) ∼= SL2(C)× SL2(C)

under SL2(C)�onjugay. The variety χ(F2) is isomorphi to C3
with the following

projetion map:

χ : Rep(F2) 7→ C
3

ρ 7→ (x, y, z) = (tr(ρ(a)), tr(ρ(b)), tr(ρ(ab))).

Moreover, if one enfores the ondition tr([ρ(a), ρ(b)]) = D−2 ∈ C one obtains an a�ne

ubi surfae SD, the equation of whih is (see [6, 7℄ for details):

x2 + y2 + z2 = xyz +D.

Let ϕ be an element of Aut(F2); then the following de�nes an automorphism of the

surfae SD:

f : χ(ρ) 7→ χ(ρ ◦ ϕ−1).

Sine the group Aut(F2) ats on Ab(F2) = Z
2
one an set

Mf =

(

p q

r s

)

∈ GL2(Z)

to be the matrix orresponding to ϕ−1
and if A := ρ(a), B := ρ(b) for some ρ ∈ Rep(T2

1)

then:

f(χ(ρ)) = ((tr(ApBq), tr(ArBs), tr(ApBqArBs)). (4)

This gives us an ation of GL2(Z) on SD whose kernel ontains ±I2; therefore PGL2(Z)

ats on the surfae SD.

Using (4) and Frike�Klein's formulas, one sees that f is a polynomial

automorphism of SD; in the following, we will denote by B the subgroup of Aut(SD)

formed by suh mappings f . We will say that an automorphism f ∈ B is hyperboli if

one of the next two onditions holds:

• either det(Mf ) = 1 and tr(Mf) > 2;

• or det(Mf) = −1 and tr(Mf ) 6= 0.

Example 1.9 For the Fibonai substitution ζ, onsider the automorphism f assoiated

with ζ. Then:

Mf =Mζ−1 =

(

0 1

1 −1

)

.

Sine det(Mf) = −1 and tr(Mf ) = −1 6= 0 the morphism f is in fat hyperboli. It is

given by:

f(x, y, z) = (y, xy − z, x).

©2013 IOP Publishing Ltd
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Denote by SD ⊂ P3
the ompati�ed surfae:

w(x2 + y2 + z2) = xyz + w3D,

where [x : y : z : w] are homogeneous oordinates on the projetive spae P3
. Its

intersetion with the plane at in�nity {w = 0} is equal to the "triangle at in�nity"

∆ = {xyz = 0}. Thus Aut(SD) embeds into the group of birational transformations of

SD. The dynamis at in�nity of the hyperboli elements in B is quite rih, as we will

see throughout this paper; �rst, we have the following result.

Proposition 1.10 (see [6, 7, 18℄)

Let f ∈ B be a hyperboli automorphism. Then f extends to a birational transformation

of SD and:

(i) f has an unique indeterminay point v− whih is either [1 : 0 : 0 : 0], [0 : 1 : 0 : 0]

or [0 : 0 : 1 : 0];

(ii) the mapping f ontrats ∆ \ {v−} onto the indeterminay point v+ of f−1
;

(iii) up to onjugay by an element of B, one an assume v+ to be distint from v−.

Remark 1.11 Èl'Huti [18℄ gave a detailed desription of the automorphism group

Aut(SD); in partiular, he proved that B has �nite index in Aut(SD).

1.2.2. Main theorem on dynamial Green funtions. Fix a hyperboli automorphism

f ∈ B for whih v+ 6= v− and denote by λ the spetral radius of Mf . We now try to

understand the esape rate at in�nity in the unbounded orbits under f . First, a theorem

by Dloussky [17℄ ombined with work by Cantat [6℄ (see also [20℄) yields the following

result, whih will be essential to our study of the dynamis of f at in�nity.

Proposition 1.12 ([6℄, theorem 3.1 p. 423)

There exists a matrix Nf ∈ GL2(Z) with non�negative entries whih is onjugate

to Mf in PGL2(Z), an open neighbourhood U of v+ in SD and a biholomorphism

ψ+
f : D× D → U suh that:

(i) ψ+
f (0, 0) = v+;

(ii) for all (u, v) ∈ D∗ × D∗
one has:

ψ+
f ((u, v)

Nf ) = f(ψ+
f (u, v)),

where (u, v)Nf
denotes the monomial ation of Nf on the pair (u, v), i.e if

Nf =

(

p q

r s

)

then (u, v)Nf = (upvq, urvs).

As a onsequene, if m ∈ SD has unbounded forward orbit under f , then fn(m) goes to

v+ at in�nity.

©2013 IOP Publishing Ltd
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Before stating our main result regarding dynamial Green funtions, let us set a

few onventions:

• de�ne the �lled Julia set K+(f) as follows:

K+(f) := {m ∈ SD | ∃M > 0, ∀n ≥ 0, ‖fn(m)‖ ≤M} ,

where ‖.‖ denotes the standard eulidean norm on C3
;

• set α, β ∈ R∗
+ to be the oordinates of the projetion of the vetor

(

1

1

)

on the

eigenline for Nf assoiated with the maximal eigenvalue of Mf (and so of Nf ).

Theorem A (Dynamial Green funtion)

Let f ∈ B be a hyperboli element and let m ∈ SD. Then the following quantity is well

de�ned:

G+
f : m 7→ lim

n→∞

1

λn
log+ ‖fn(m)‖ ,

and:

(i) the funtion G+
f is pluriharmoni (resp. plurisubharmoni) on the omplement of

the �lled Julia set K+(f) in SD (resp. on SD) and takes non�negative values;

(ii) the zero set of G+
f is K+(f);

(iii) the following relation holds:

G+
f ◦ f = λG+

f ; (5)

(iv) if m = ψ+
f (u, v) ∈ ψ+

f (D
∗ × D∗), then:

G+
f (m) = −α log |u| − β log |v| (6)

(v) the funtion G+
f is loally Hölder�ontinuous.

Example 1.13 In the Fibonai ase, Mf is onjugate to

Nf =

(

1 1

1 0

)

in PGL2(Z).

The eigenvalues of Mf (and so of Nf) are

φ :=
1 +

√
5

2
and φ :=

1−
√
5

2
.

and the orresponding eigenlines for Nf are spanned by

(

φ

1

)

and

(

φ

1

)

. Thus, sine:

(

1

1

)

=
1− φ√

5

(

φ

1

)

+
φ− 1√

5

(

φ

1

)

,

one has α =
1− φ√

5
φ =

φ− 1√
5

and β =
1− φ√

5
. Moreover, we have in this ase

v+ = [0 : 1 : 0 : 0].

©2013 IOP Publishing Ltd
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1.3. Appliations to Disrete Shrödinger Operators

1.3.1. Shrödinger urve Consider the following ubi surfae in C3
, for some �xed

κ ∈ R:

(S4+κ2) x2 + y2 + z2 = xyz + 4 + κ2 ;

this is a onneted smooth (ifκ 6= 0) a�ne surfae, ontaining what we all its

Shrödinger urve:

s : C → S4+κ2

E 7→ (E − κ,E,E(E − κ)− 2).

Remark 1.14 The funtion s is in fat the trae map assoiated with the matries

ME
n,κ,w. Namely, one has s(E) = (tr(ME

κ (a)), tr(ME
κ (b)), tr(ME

κ (b)M
E
κ (a))).

Starting from our automorphism ϕ ∈ Aut(F2) (f. 1.1.1) with assoiated

substitution ι, we obtain a polynomial automorphism f of S4+κ2
assoiated with ϕ−1

(f. 1.2.1); one an then expliitly ompute it using the formula f(χ(ρ)) = χ(ρ ◦ϕ) and
so its restrition to the Shrödinger urve is:

∀E ∈ C, f(s(E)) = (tr(ME
κ (ι(a))), tr(ME

κ (ι(b))), tr(M
E
κ (ι(ab)))),

where, if u = (u1, . . . , un) ∈ {a, b}n, then:

ME
κ (u) :=

n−1
∏

i=0

ME
κ (un−i).

Sine ϕ is hyperboli, f is a hyperboli automorphism of S4+κ2
. We then have the

following result [10℄ (see also some earlier work by Süt® [29, 30℄).

Proposition 1.15 (Damanik [10℄, theorem 2.1 p. 399)

If f is the polynomial automorphism of S4+κ2
assoiated with a positive hyperboli

substitution ι on two letters, then the almost�sure spetrum Σκ satis�es:

Σκ = s−1(K+(f)).

1.3.2. "Ditionary" Between Holomorphi Dynamis and Shrödinger Operators We

now move on to our seond result. Sine the subgroup B has �nite index in Aut(S4+κ2)

(f. remark 1.11) and f has in�nite order we an suppose, up to replaing it with some

iterate fn0
that f ∈ B; thus, we will be able to exploit theorem A to obtain the following

result.

Theorem B

Let ι be a positive hyperboli substitution over the letters a and b and let f ∈ B be the

assoiated automorphism of S4+κ2
. Then for E ∈ C:

γκ(E) =
1

α + β
G+

f (s(E)),

where α, β ∈ R
∗
+ are the same as in Theorem A.

©2013 IOP Publishing Ltd
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Remark 1.16 Proposition 1.15 was mostly a qualitative one, onerning the

boundedness of the orbit alone. Here, using our Theorem A, we get tools to estimate the

esape rate at in�nity thus obtaining a more quantitative result.

This, ombined with previous work by Cantat, Damanik and Gorodetski, allows us

to work out the following "ditionary".

Disrete Shrödinger operators Holomorphi dynamis on S4+κ2

Almost�sure spetrum Σκ Julia set K+(f)

Lyapunov exponent γκ Dynamial Green's funtion G+
f

Density of states dkκ Green's urrent T+
f

Thouless formula T+
f = ddcG+

f

γκ and kκ Hölder�ontinuous near Σκ G+
f loally Hölder�ontinuous

Avron and Simon Theorem 1.4 Convergene to T+
f

More preisely, one goes from the right-hand side of this table to the left by taking

pull-baks with the Shrödinger urve s : C → S4+κ2
; for instane, the �rst line is

Damanik's Proposition 1.15, and the seond is our Theorem B. Similarly, the Hölder

ontinuity of γκ orresponds to the Hölder ontinuity of G+
f (obtained in Theorem A);

we shall see in Setion 3.2.1 that it implies diretly Hölder ontinuity of the integrated

density of states. The last line of this table is less preise: this is explained in

paragraph 3.2.3.

It is to be noted that the literature pertaining to the interations between real and

omplex dynamis and disrete Shrödinger operators has been quikly expanding these

last few years, mainly under the guidane of D. Damanik and A. Gorodetski. See for

instane [25, 31, 32℄.

2. Dynamial Green Funtions

2.1. Preliminary Computations

2.1.1. Geometry of SD at in�nity In order to measure the esape rate at in�nity

of a point with unbounded orbit, we will now study the behaviour of log ‖m‖ when

m = (x, y, z) ∈ SD goes to v+, where ‖ · ‖ denotes the eulidean norm on C3
. For the

sake of larity, suppose (our problem being symmetri with respet to x, y and z) that

v+ is the point [0 : 0 : 1 : 0]; in a neighbourhood of v+, SD an be seen, using the hart

{z 6= 0}, as the surfae:

(X2 + Y 2 + 1)W = XY +DW 3, (7)

where X := x/z, Y := y/z and W := w/z. Equivalently, this an be written as follows:

W = XY +DW 3 +W 2(AX +BY + C) +W (X2 + Y 2). (8)

©2013 IOP Publishing Ltd
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Using these new oordinates (X, Y,W ), v+ orresponds to the point at origin (0, 0, 0)

and one has:

log ‖m‖ =
1

2
log

(

∣

∣

∣

∣

X

W

∣

∣

∣

∣

2

+

∣

∣

∣

∣

Y

W

∣

∣

∣

∣

2

+
1

|W |2

)

=− 1

2
log(|W |2) + 1

2
log(|X|2 + |Y |2 + 1)

=− 1

2
log(|XY +DW 3 +W 2(AX +BY + C) +W (X2 + Y 2)|2)

+
1

2
log(|X|2 + |Y |2 + 1).

Using Taylor's approximation one gets:

log ‖m‖ = − log(|XY |) + g(X, Y,W ),

where g is bounded in a neighbourhood of (0, 0, 0). Now, for m lose enough to v+
one an apply the biholomorphism ψ+

f to get (u, v) := ψ+
f

−1
(m) and use the following

lemma.

Lemma 2.1

There exists a germ of bounded funtion h suh that for all (u, v) ∈ D∗ × D∗
:

log ‖ψ+
f (u, v)‖ = − log |uv|+ h(u, v).

Proof.Using Taylor's theorem at the origin one gets:

ψ+
f (u, v) = v+ + L(u, v) +R(u, v),

where L is the linear part of ψ+
f at the origin and R is a smooth bounded funtion on

D×D suh that R(u, v) = O(‖(u, v)‖2). Sine ψ+
f is a onjugay between the dynamis

of f and Nf and sine f (resp. Nf ) only ontrats the axes {X = 0} and {Y = 0} (resp.
{u = 0} and {v = 0}) on the origin then L = dψ+

f (0, 0) must be of the form

(

r1 0

0 r2

)

or

(

0 r1
r2 0

)

.

Therefore, there exists a bounded funtion h on D× D suh that:

log ‖ψ+
f (u, v)‖ = − log(|uv|) + h(u, v), (9)

�

2.1.2. Estimate at in�nity SineMf is hyperboli, one an assume (replaingMf with

Mf2 = M2
f ) that it has eigenvalues λ and λ−1

, with λ a real number greater than one.
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Now onsider the following quantity, for n ≥ 0 and m with unbounded forward orbit,

hosen su�iently lose to v+ (i.e in ψ+
f

−1
(D× D)):

1

λn
log ‖fn(m)‖.

Let (un, vn) := (u, v)N
n
f
; using the previous lemma one gets:

1

λn
log ‖fn(m)‖ = − 1

λn
log(|unvn|) +

1

λn
h(un, vn).

Sine

1

λn
h(un, vn) −−−→

n→∞
0, we want to understand the behaviour at in�nity of the

following quantity:

− 1

λn
log(|unvn|).

Lemma 2.2

The following estimate holds, as n goes to in�nity:

1

λn
log |unvn| −−−→

n→∞
(α log |u|+ β log |v|), (10)

where α, β ∈ R∗
+ are the oordinates of the projetion of the vetor

(

1

1

)

on the eigenline

for Nf assoiated with λ.

Proof.Sine (u, v) ∈ D
∗ × D

∗
one an set (es, et) := (u, v) with:

s, t ∈ {z ∈ C | ℜ(z) < 0,ℑ(z) ∈ (−π, π]}.

Then it is just a matter of desribing the behaviour of |uv| = |es+t| = eℜ(s+t)
under Nf ,

whih ats linearly on the oordinates (s, t). A omputation thus yields:

1

λn
log |unvn| −−−→

n→∞
(αℜ(s) + βℜ(t)) = (α log |u|+ β log |v|).

�

Using lemmas 2.1 and 2.2, one gets the following estimate:

1

λn
log ‖fn(m)‖ −−−→

n→∞
−(α log |u|+ β log |v|). (11)

Note that this only holds for m su�iently near v+, i.e for (u, v) in D∗ × D∗
.

2.2. Proof of Theorem A

First remark that if m ∈ K+(f) then it is lear that G+
f (m) is well de�ned and equal

to 0.

Now onsider m /∈ K+(f); up to replaing m with some fn0(m), one an assume

that m is su�iently near v+ so that one an set (u, v) := ψ+
f

−1
(m) and (un, vn) :=

©2013 IOP Publishing Ltd
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(u, v)N
n
f
. Sine fn(m) −−−→

n→∞
v+, for n large enough, log+ ‖fn(m)‖ = log ‖fn(m)‖.

Applying the estimate (11) then yields, using the same notations as before:

1

λn
log ‖fn(m)‖ −−−→

n→∞
−(α log |u|+ β log |v|)

We have thus proved that G+
f is well de�ned and that (ii) and (iv) hold. Moreover, the

estimate (11) implies that:

∀(u, v) ∈ D
∗ × D

∗, G+
f ◦ ψ+

f (u, v) = −α log |u| − β log |v|. (12)

(i) Let H be a ompat set in SD, m ∈ H and n, p ≥ 0. If m ∈ K+(f)

then we learly have uniform boundedness. Else, fn(m) −−−→
n→∞

v+ and so for n

large enough m = ψ+
f (u, v) with (u, v) ∈ D∗ × D∗

and ‖fn(m)‖ > 1, therefore

log+ ‖fn(m)‖ = log ‖fn(m)‖ and:

∣

∣

∣

∣

1

λn+p
log+ ‖fn+p(m)‖ − 1

λn
log+ ‖fn(m)‖

∣

∣

∣

∣

=
1

λn+p

∣

∣log ‖fn+p(m)‖ − λp log ‖fn(m)‖
∣

∣

Sine we just proved that there exists a onstant Cm = (α log |u|+ β log |v|) depending
only on the orbit of m suh that log ‖fn(m)‖ = Cmλ

n + λnεm(n), with εm(n) −−−→
n→∞

0

so:

∣

∣

∣

∣

1

λn+p
log+ ‖fn+p(m)‖ − 1

λn
log+ ‖fn(m)‖

∣

∣

∣

∣

=
1

λn+p
|εm(n+ p)− εm(n)| .

As |εm(n)| −−−→
n→∞

0, then for all positive η and m ∈ H , there exists Nm ∈ N suh that:

∀n ≥ Nm, |εm(n)| ≤ |εm(Nm)| < η

hene:

∣

∣

∣

∣

1

λn+p
log+ ‖fn+p(m)‖ − 1

λn
log+ ‖fn(m)‖

∣

∣

∣

∣

≤ 2|εm(Nm)|.

Sine Cm and log ‖fn(m)‖ are ontinuous with respet to m (f. (iv)),

m 7→ εm(Nm) = λ−Nm(log ‖fNm(m)‖ − Cm)

is ontinuous. Using the ompatness of H , there exists m0 ∈ H suh that:

sup
m∈H

εm(Nm) = εm0
(Nm0

)

where:

0 ≤ 2|εm(Nm)| ≤ 2|εm0
(Nm0

)| < 2η.

The sequene de�ning G+
f thus onverges uniformly on all ompat subsets in SD and

so the limit funtion inherits the pluri(sub)harmoni properties of its terms.

(iii) This stems from the fat that if m ∈ S then:

1

λn
log+ ‖fn(f(m))‖ =

1

λn
log+ ‖fn+1(m)‖ = λ

(

1

λn+1
log+ ‖fn+1(m)‖

)

.
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(v) Here we adapt work by Fornaess and Sibony [21℄. Sine G+
f is C1

outside any

neighbourhood ofK+(f) it is Hölder�ontinuous there. Now let z1 ∈ SD and z0 ∈ K+(f)

be suh that:

d(z1, K
+(f)) = ‖z1 − z0‖.

If z1 ∈ K+(f), there is nothing to show. Else, note that by de�nition of the �lled Julia

set there exists R0 > 0 suh that:

∀n ∈ N, ‖fn(z0)‖ ≤ R0.

Let us onsider a positive real number R ≥ R0 + 1 and set:

N := min{n ≥ 0 | ‖fn(z1)‖ > R} <∞;

thus:

| ‖fN(z1)‖ − ‖fN(z0)‖ | ≤ ‖fN(z1)− fN(z0)‖
≤ sup

‖z‖≤R

‖df(z)‖‖fN−1(z1)− fN−1(z0)‖ beause ‖fN−1(z1)‖ ≤ R

.

.

.

≤ ( sup
‖z‖≤R

‖df(z)‖)N‖z1 − z0‖

≤ ( sup
‖z‖≤R

‖df(z)‖)Nd(z1, K+(f)).

Hene, if one sets:

H(R) := sup
‖z‖≤R

‖df(z)‖

one gets:

1 ≤ R− R0 ≤ | ‖fN(z1)‖ − ‖fN(z0)‖ |
≤ H(R)Nd(z1, K

+(f))

thus H(R)Nd(z1, K
+(f)) ≥ 1. Setting γ :=

log(λ)

log(H(R))
one has:

1

λN
≤ d(z1, K)γ. (13)

Using (iii) one gets:

G+
f (z1) =

1

λN
G+

f ◦ fN(z1)

≤ 1

λN
sup

‖z‖≤R

G+
f ◦ f(z) beause ‖fN−1(z1)‖ ≤ R

≤ d(z1, K
+(f))γ sup

‖z‖≤R

G+
f ◦ f(z) by (13).

©2013 IOP Publishing Ltd
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Let:

C := sup
‖z‖≤R

G+
f ◦ f(z)

one then has, in �ne:

G+
f (z1) ≤ Cd(z1, K

+(f))γ (14)

for any point z1 ∈ SD.

�

Remark 2.3 Using the notations of paragraph 2.1.2, we an estimate the loal

oordinates (X, Y ) around v+ as follows (up to a permutation of u and v in the linear

part):

(X, Y ) = (r1u, r2v) +R(u, v).

Therefore, we have, as m goes to v+:

G+
f (m) = −α log |X| − β log |Y | − log |rα1 rβ2 |+ o(1). (15)

Remark 2.4 Replaing f with its inverse f−1
, one an de�ne the negative dynamial

Green funtion:

G−
f := lim

n→∞

1

λn
log+ ‖f−n(m)‖.

Our main result extends to this funtion.

2.3. Corollaries

We an now onsider the losed positive urrent [6℄ assoiated with G+
f , namely:

T+
f := ddcG+

f = 2i∂∂̄G+
f

whih satis�es the following:

f ∗T+
f = λT+

f

and has support in the Julia set J+(f) := ∂K+(f).

Corollary A.1

Let f ∈ B be a hyperboli element and m ∈ SD. Then there exists a neighbourhood U of

v+ in SD suh that:

ddcG+
f |U

= −2π

(

α

∫

X=0

+β

∫

Y=0

)

,

where α, β ∈ R∗
+ and (v+, X, Y ) are the same as in Theorem A.

Proof.Let U := ψ+
f

−1
(D∗ × D∗); then using (12) and (15) one gets:

ddcG+
f |U

= ddc(−α log |u| − β log |v|) = ddc(−α log |X| − β log |Y |).

The result then follows from the Lelong�Poinaré lemma.

�
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3. From Holomorphi Dynamis to Shrödinger Operators

3.1. Proof of Theorem B

Consider the funtion:

g : C \ Σκ → (0,∞)

E 7→ G+
f (s (E)) ;

our aim is to show that it is (up to a multipliative onstant) the Green's funtion of

the domain U := C \ Σκ, thus proving the theorem. Sine G+
f is psh, ondition (G1)

holds and (G3) is a diret onsequene of Damanik's result (Proposition 1.15).

Using Frike�Klein's formulas and relation (4), one shows using indution that f

ontrats the triangle at in�nity ∆ on the point v+ = [0 : 0 : 1 : 0]. Using (15), one then

gets

g(E)− (−α log |x| − β log |y| − log |C|) −−−→
E→∞

0

where C ∈ C and s (E) = [x : y : 1 : 1]. One also has:

s([E : t]) = [Et− t2κ : Et : E2 − Etκ− 2t2 : t2],

hene, using the hart {z 6= 0}:

s(E) = s ([E : 1])

=

(

E − κ

E2 − Eκ− 2
,

E

E2 − Eκ− 2
,

1

E2 −Eκ− 2

)

=

(

1

E

(

1− κ/E

1− κ/E − 2/E2

)

,
1

E

(

1

1− κ/E − 2/E2

)

,
1

E2 − Eκ− 2

)

Thus the following limit exists:

lim
E→∞

(g(E)− (α + β) log |E|) .

�

Remark 3.1 Using Proposition 1.8, one has:

lim
E→∞

(g(E)− (α + β) log |E|) = − log Cap(Σκ) = 0.

3.2. Consequenes

Theorem B yields a few interesting orollaries, further detailing the entwining between

ertain dynamial invariants and disrete Shrödinger operators.
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3.2.1. Hölder ontinuity (see also [15, 16℄)

Corollary B.2

One has the following results:

(i) s∗(ddcG+
f ) = 2π(α+ β)dkκ;

(ii) the funtions γκ and kκ are Hölder�ontinuous near Σκ, with the same Hölder

exponent τ ;

(iii) the density of states does not harge sets with Hausdor� dimension less than τ . In

partiular, the Hausdor� dimension of the almost�sure spetrum is stritly positive.

Proof. The �rst assertion follows from (3). To prove property (ii), we reprodue an

argument from [28℄. Using Theorem A, G+
f is loally Hölder�ontinuous near K+(f);

sine s(C)∩K+(f) = Σκ is a ompat set, that property is global near the almost�sure

spetrum and so γκ is Hölder�ontinuous near Σκ. Denote by τ the exponent of Hölder

ontinuity.

To show that kκ is Hölder ontinuous, onsider two real numbers E2 > E1. Let M

be the middle point of the segment [E1, E2] and R = |E2 − E1|/2 be the distane from

M to E1. Denote by D(r) ⊂ C the disk of radius r entred at M . Let ψ : C → R+ be a

smooth funtion whih is equal to 1 on D(R) and equal to 0 on C \D(2R), and whose

partial derivatives of order 1 and 2 are bounded from above by 100R−2
(suh a funtion

exists, see [22℄). Then,

|kκ(E2)− kκ(E1)| =
∫

[E2,E1]

dkκ(E)

≤
∫

D(R)

ddc(γκ − γκ(M))

≤
∫

D(3R)

ψ · ddc(γκ − γκ(M))

≤
∫

D(3R)

ddcψ · (γκ − γκ(M))

≤ CstRτArea(D(3R))R−2

≤ 9πCst|E2 − E1|τ

for some uniform onstant Cst
beause γκ is Hölder ontinuous (with exponent τ) on a

neighbourhood of Σκ.

The same proof shows that dkκ does not harge any losed subset of C whose

Hausdor� dimension is less than τ (see [28℄).

�

3.2.2. Hausdor� dimension of the density of states One we know that γκ is equal

to (α + β)−1G+
f ◦ s, we an generalize the �rst results of Damanik and Gorodetski

onerning the Hausdor� dimension of the density of states (proved in [13℄ for the

Fibonai substitution). Doing this, we obtain an alternative (but almost equal) proof
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of some of the results of May Mei (see [25℄). But �rst reall the following de�nition: we

say that a �nite measure µ on R is of exat dimension c ∈ R if for µ�almost every

x ∈ R we have :

lim
ε→0

log µ([x− ε, x+ ε])

log ε
= c

(see also [19, p. 174℄).

Theorem 3.2 (Damanik, Gorodetski, Mei) Let ϕ be a positive and hyperboli

automorphism of the free group F2. Let Hκ,w be the orresponding family of disrete

Shrödinger operators. For small oupling fators 0 < κ < κ0, the density of states dkκ
is of exat dimension dim(κ), i.e. for dkκ-almost every real number E,

lim
ε→0

log dkκ[E − ε, E + ε]

| log(ε)| = dim(κ).

Moreover,

(1) dim(κ) is a C∞
-smooth funtion of κ ∈ (0, κ0);

(2) limκ→0 dim(κ) = 1;

(3) dim(κ) < Hdim(Σκ) < 1 for κ ∈ (0, κ0), where Hdim denotes the Hausdor�

dimension of a given set;

(4) dim(κ) oinides with the in�mum of Hdim(S) over all measurable sets S suh that

dkκ(S) = 1.

The proof is due to Damanik, Gorodetski, and Mei. Let us explain how one an

relate its proof to Theorem A and Theorem B:

a.� The dynamis of f on the intersetion of its �lled Julia sets K+(f) ∩ K+(f−1) is

uniformly hyperboli, the �lled Julia set K+(f) is the support of a lamination by holo-

morphi urves, and the urrent T+
f is a urrent of integration on this lamination with

respet to a transverse measure µ+
f (see [6℄).

b.� The Shrödinger urve s is transverse to the lamination of K+(f) if the oupling

fator is su�iently small. This is proved in [14℄; it follows from the transversality for

κ = 0 and a study of the bifuration from κ = 0 to κ > 0.

.� There exists κ′0 suh that, for 0 < κ < κ′0, there are two saddle periodi points p(κ)

and q(κ) of f on S4+κ2
with distint multipliers.

To prove this, take a periodi point p on S4 whih is not a singular point of S4.

Deform it into a family of periodi points p(κ) for −κ1(p) ≤ κ ≤ κ1(p). Do the same

for a seond periodi point q: it an be deformed into q(κ) for κ1(q) < q < κ1(q). If the

multipliers of p(κ) and q(κ) are equal for a sequene of parameters κn > 0 onverging to

0, they are equal for all κ beause they are analyti funtions of κ. In partiular, q an

be analytially deformed along the interval [−κ1(p), 0]. Thus, if the assertion was not
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satis�ed, there would exist κ1 > 0 suh that all periodi points of f on S4 (distint from

the singularities) ould be analytially deformed to saddle periodi points of the same

period for κ1(p) < κ < 0. This would ontradit the fat that the topologial entropy

of f on S4−ε(R) is stritly less than log(λ) for ε > 0, a property that implies that most

periodi points of f on S4−ε(C) are not real (see [6℄).

With these three remarks in hand, one an then opy the proof given by Damanik

and Gorodetski in [13℄.

3.2.3. Convergene theorems From [6℄ and [4℄ (see also [28℄, [3℄) one gets the following

onvergene theorem. Let f be a hyperboli automorphism of the surfae SD. Let T be

a positive urrent and ψ a smooth non-negative funtion with ompat support whih

vanishes in a neighbourhood of the support of ∂T . Then, the sequene of urrents

1

λn
(fn)∗(ψT )

onverges towards a multiple cT+
f , with c = 〈T−

f |ψT 〉. For instane, T an be the urrent

of integration on an algebrai urve C ⊂ SD.

Our goal is to explain, heuristially, why this result is similar to Avron-Simon

onvergene theorem for the density of states (see Theorem 1.4).

Consider the restrition HN
κ,w of the Shrödinger operator to some interval [0, N ] ⊂

Z. If (u(0), . . . , u(N)) is an eigenfuntion of HN
κ,w with eigenvalue E, then (u(2), u(1))

is obtained from (u(1), u(0)) by the linear ation of the matrix ME
κ (w(0)), . . . ,

and (u(N), u(N − 1)) is obtained from (u(1), u(0)) by the ation of the produt

ME
κ (w(N − 2)) . . .ME

κ (w(0)).

Now, restrit the study to w = u+, the in�nite ι-invariant word, and to intervals

[0, ℓ(n)], where ℓ(n) is the length of the word ιn(a). When n goes to in�nity,

ℓ(n) behaves approximately like λn. With suh a hoie, the trae of the produt

ME
κ (w(ℓ(n)− 2)) . . .ME

κ (w(0)) is equal to the �rst oordinate of fn(s(E)). Thus, if

Λ := {E | tr(ME
κ (ι

n(a))) = 2},

then

Λ = {E | s(E) ∈ (fn)−1(C2)}
where C2 is the algebrai urve C2 = {(x, y, z) ∈ SD|x = 2}. In other words, Λ

orresponds to the intersetion of the algebrai urve s(C) with the algebrai urve

f−n(C2); it ontains approximately λn points, and the onvergene theorem for urrents

tells us, roughly, that the average measure on these λn points onverges towards s∗(T+
f ),

up to some multipliative fator.

On the other hand, the trae of a matrix M ∈ SL(2,R) is 2 if and only if 1 is an

eigenvalue ofM . Thus, a omplex number E is in Λ if and only if there is an eigenvetor
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(u(0), . . . , u(ℓ(n))) of H
ℓ(n)
κ,w with eigenvalue E suh that

(⋆)

(

u(ℓ(n))

u(ℓ(n)− 1)

)

=

(

u(ℓ(1))

u(0)

)

;

these are mixed boundary onditions (not the usual Dirihlet onditions, as in [1℄). Thus,

the onvergene theorem for urrents implies a onvergene theorem for the density of

states of HN
κ,w with the boundary onditions (⋆). Changing the urve C2 into another

algebrai urve (for instane x = 3), one gets di�erent boundary onditions.

To sum up, Avron-Simon onvergene theorem orresponds to the onvergene

theorem towards T+
f , with the following di�erenes: One only gets onvergene along

subsequenes (one has to take N = ℓ(n)), the boundary onditions are not the lassial

ones, but one gets onvergene theorems whih are valid in SD (not only along the

Shrödinger urve) and work for all positive urrents.
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